Virtualization technology is considered an effective measure to enhance resource utilization and interference management via radio resource abstraction in heterogeneous networks (HetNet). The critical challenge in wireless virtualization is virtual resource allocation on which substantial works have been done. However, most existing researches on virtual resource allocation focus on improving total utility. Different from the existing works, we investigate the dynamic-aware virtual radio resource allocation in virtualization based HetNet considering utility and fairness. A virtual radio resource management framework is proposed, where the radio resources of different physical networks are virtualized into a virtual resource pool and mobile virtual network operators (MVNOs) compete for virtual resources from the pool to provide service to users. A virtual radio resource allocation algorithm based on biological model is developed, considering system utility, fairness, and dynamics. Simulation results are provided to verify that the proposed virtual resource allocation algorithm not only converges within a few iterations, but also achieves a better tradeoff between total utility and fairness than existing algorithm. Besides, it can also be utilized to analyze the population dynamics of system.
Introduction
Within the last decade, mobile networks are experiencing dramatic increases in data traffic and services [1] . Mobile network operators deploy many kinds of networks and make them denser and denser. For example, in LTE, heterogeneous networks allow a mixed deployment of macro and micro base stations (BSs) in a geographic area providing different accessing capabilities and capacity/coverage needs [2] . However, chaotic and dense deployments cause new problems [3] . First, clients of one BS suffer high interference from neighboring BSs because of the high frequency reuse and broadcast nature of wireless communication. Second, coverage of cellular networks becomes denser and more complex which leads to more users at the edge of network. More handovers and unbalanced load are caused by user mobility. As a result, the benefit in terms of capacity of heterogeneous networks could be undermined if effective measures are not taken [4] . The wireless network virtualization which attracts much attention has recently been considered as a promising solution to increase the spectrum and infrastructure efficiency [5] .
With virtualization technology, the wireless network infrastructure can be decoupled from services it provides so that different services can share the same infrastructure [6] . In wireless virtualization, the physical radio resources of heterogeneous networks owned by Infrastructure Providers (InPs) are abstracted and sliced into virtual radio resources and form a virtual radio resource pool [7] . Mobile virtual network operators (MVNOs) lease the virtual radio resources and assign them to users [8] . Since the infrastructure and physical resources of HetNet are abstracted and sliced into virtual resource, many effective measures could be carried out more easily, such as interference management, load balancing, and so on. Furthermore, it is possible that different MVNOs coexist on the same InP and share the infrastructure 2 Wireless Communications and Mobile Computing and radio resources, which maximizes the utilization of resources and reduces the capital expense (CapEx) and operation expense (OpEx).
In the virtualization environment of HetNet, it is a critical issue to allocate the virtual resources to users in an efficient way. Substantial efforts have been done to research the virtual resource allocation model [8] [9] [10] [11] . However, these papers mainly focus on the virtual resource allocation with the assumption that the system is in a steady state; that is, the system has reached its equilibrium. In a system with limited resources, it will take a certain period of time to find the equilibrium sharing the virtual resources into MVNOs to optimize the system performance. As a result, the analysis through steady state based method may not be sufficient which ignores the transient dynamics to reach equilibrium of system. More specifically, it is helpful for making more effective approaches (e.g., interference management, base station sleeping, etc.) to promote system performance if we get the users' behaviors or dynamics. Moreover, most of the existing works aim to maximize the system performance (e.g., utility, throughput, etc.) but do not consider the fairness for MVNOs.
Biological approaches are regarded as an effective method to analyze the time dynamic behaviors of heterogeneous system and some works have been done in this area [12] . In [13] , the evolutionary game model was utilized to study the robust equilibrium and the dynamics in wireless networks. However, in [14, 15] , the dynamics of cognitive radio networks were studied, respectively, using predator-prey model and evolutionary game model.
However, most of these works mainly focused on analyzing the dynamics and fairness in resource allocation procedure, ignoring the system utility. To the best of our knowledge, the dynamic-aware virtual radio resource allocation for MVNOs in virtualization based HetNet considering utility and fairness has not been studied in previous works.
In this paper, we investigate the virtual radio resource allocation problem for virtualized HetNet based on the biological Lotka-Volterra model [16, 17] with consideration of user dynamics, fairness for MVNOs, and system utility. In the proposed architecture, users of different MVNOs utilize the virtual radio resources in the resource pool in the virtualization based HetNet system. Users of MVNOs benefit from occupying the virtual radio resources and the population of virtual radio resources increases after users release resources. As a result, the relations among different MVNOs and the virtual radio resources are similar to the resource competing of species in a natural environment. The virtual radio resources and users from different MVNOs can be considered as the environment resources and species in natural systems.
The main contributions of this paper are summarized as follows:
(i) We formulate the virtual radio resource allocation problem in virtualization based HetNet as a population competing model, where the users in the system are considered as the predators in nature environment, and virtual radio resources are preys to users. Users of different MVNOs compete for virtual radio resources from the virtual resource pool. (ii) We introduce the aggregated utility function into the Lotka-Volterra model and take the fairness and utility into consideration at the same time. Furthermore, a virtual resource allocation algorithm based on LotkaVolterra model is developed in the proposed virtual radio resource management framework. (iii) The proposed algorithm can quickly capture the time dynamics of system. It is helpful to investigate the behaviors and dynamics of users through the trace of time. (iv) Simulations are conducted to demonstrate that the proposed virtual resource allocation algorithm outperforms the existing centralized maximal utility (MU) approach, achieving a good trade-off between total utility and fairness.
The rest of this paper is organized as follows. Sections 2 and 3 present the system model and the problem formulation. Section 4 provides the proposed virtual radio resource allocation algorithm in virtualization based HetNet. Analysis of system equilibrium state in the proposed system is presented in Section 5, while in Section 6, performance of the proposed algorithm is evaluated by simulations. Finally, Section 7 concludes the paper.
System Model
In this section, we will introduce the wireless virtualization in heterogeneous network and the classic Lotka-Volterra model in ecosystem. We will then propose a model of virtual radio resource allocation based on Lotka-Volterra in HetNet.
Wireless Virtualization in HetNet.
Similar to the network virtualization, wireless virtualization needs physical resources to be abstracted into a number of virtual resources. All the virtual resources are in a virtual resource pool which can be utilized by different service providers. In the virtualization based HetNet system, heterogeneous physical radio resources owned by different Infrastructure Providers (InPs) can be abstracted and sliced into virtual wireless resources which can be shared by multiple mobile virtual network operators (MVNOs). The virtual radio resource management framework in virtualized heterogeneous networks is as shown in Figure 1 .
The modules and their functions are described as follows:
(1) InPs: The InPs consist of heterogeneous wireless networks (e.g., macro and small cell base stations). InPs own the physical wireless network infrastructure resources and physical radio resources. They can provide these physical radio resources for MVNOs and get revenue.
(2) Hypervisor: The hypervisor virtualizes the physical resources from different InPs and enables the sharing for MVNOs. The allocation and mapping of the virtual resources are realized by Virtual Resource Management and Virtual Resource Mapping modules. Also, the hypervisor is responsible for collecting the users' information from MVNOs. (3) MVNOs: MVNOs lease the physical radio resources from InPs, abstract them into virtual radio resources based on the requests from users, and assign the virtual radio resources to each user. As a result, the MVNOs can provide various services to their subscribers through the same substrate networks.
The virtualization technology can enable the resource sharing in heterogeneous wireless networks which will reduce the CapEx and OpEx. The authors of [18] have estimated that 40 percent of 60 billion USD may be saved using the virtualization technology in wireless networks. In the virtualization based heterogeneous networks, a significant issue is how to catch the time dynamics of users and allocate virtual radio resources into multiple MVNOs which is the purpose of this paper.
The Lotka-Volterra Model.
The Lotka-Volterra model is a mathematical population model of biology which was developed by Alfred J. Lotka (1925) [19] and Vito Volterra (1926) [20] . Classic Lotka-Volterra competition model describes relationship and dynamics of different animal populations competing for shared resources. Assuming that 1 and 2 represent populations of two species and all the parameters in this model are positive, theṅ
The parameters 1 and 2 , respectively, refer to the intrinsic growth rate of the two species, 1 and 2 are the carrying capacity of the two species, and 1 and 2 are the inter-specific competition coefficient which reflects that the individuals of one species have inhibited influence on the competitors of the other species. In this model, for example, 1 denotes the inhibited effect the individual of species 1 has on 2 , that is, the resource each individual of species 2 occupies equal to that 1 individual of species 1 occupies.
In the Lotka-Volterra model, the population of a species not only depends on the limitation of resources in ecosystem, but also is affected by the survival competing with another species. When a species grows fast, the population of another species will decrease. In the extreme situation, one species can reach its carrying capacity, while the population of another species keeps on the lowest level.
Proposed Virtual Resource Allocation Model.
The resource competing among different species in the natural environment is similar to the virtual radio resource competing in the virtualized wireless networks. In the virtualization based HetNet system, users of different MVNOs utilize the virtual radio resources in the resource pool. Users of MVNOs benefit from occupying the virtual radio resources and the population of virtual radio resources increases after users release resources. Similarly, the population of a MVNO will be limited when other MVNOs occupy too much radio resources (because the radio resources are always limited in wireless system).
Inspired by biological systems and models (i.e., LotkaVolterra model) in nature, we propose an ecology based model for virtual radio resource allocation and users dynamics analysis in HetNet system. The proposed ecological model in Figure 2 describes the paradigm of virtual resource competing in HetNet, which consists of preys in the environment and species. The species represent different mobile virtual network operators (MVNOs), while the environment resources are considered as virtual radio resource pool of HetNet. The MVNOs fed on virtual radio resource blocks must continually evolve to ensure sustainability and meet the changing environment, which is analogous to species that have to survive and evolve by consuming environment resources. Users of every MVNO and the virtual radio resources form a "food chain." Just like the biological system, MVNOs and virtual radio resources can be considered as predators and preys, respectively, the populations of MVNOs benefit from competing to occupy virtual radio resources, and virtual radio resource pool increases when users release the resources after completing communication. However, the total amount of resources in a communication system is limited and fixed, which is different from the common biological system.
Under specific assumptions, the proposed model can be shown to mechanistically represent competition for resources among species. This can be extended into wireless communication system where MVNOs compete for virtual radio resources.
Problem Formulation
In this section, we formulate the virtual resource allocation problem in virtualized HetNet with the biological model. Firstly, we present the utility functions for users and MVNOs. Then, the virtual radio resource allocation is formulated to resource competing among MVNOs according to the utilities of them.
Utility Function Definition.
In our virtualized wireless networks, users lease virtual resources from their MVNOs. The virtual resources allocated to users are mapped to substrate physical networks. Users pay to their MVNOs based on the data rate they can get. Ensuring the total utility of the system is an important goal of this paper, so that the utility function should firstly be defined. By mapping the utility function with the competing coefficient of biological competing model, we could guarantee that the MVNO with higher aggregated utility can get more resources. As a function of data rate, the utility of user at time can be mathematically expressed by [21] :
where , is the potential data rate of user's virtual resource request at time and represents the traffic type of user request . The , can be derived by the Shannon formula based on the bandwidth (denoted as , ) required by the user request and the effective signal-to-interference-plus-noise ratio at time (denoted as , ):
We assume that utilities of virtual resource requests are positive and virtual radio resources are allocated periodically every time so that time index can be ignored. The utility function of user can be reformulated as
Then, we can obtain the aggregated utility of MVNO ,
where is the total bandwidth of the system.
Proposed Virtual Resource Allocation Problem Formulation.
In the proposed virtualized wireless HetNet, MVNOs need to compete for virtual resources according to the requests of their users. The objective of this paper is to develop a virtual resource allocation algorithm improving the total utility of system and catching the time dynamics of users which is important for network management. The population model of every MVNO can be expressed by a system of Ordinary Differential Equations (ODEs) which are powerful tools for modelling dynamic systems that is defined as the number of users who are using the virtual radio resources without interruption in MVNO at time . The model can be expressed aṡ
subject to
where is the intrinsic growth rate of users occupying the virtual radio resource, while represents carrying capacity of the system in terms of MVNO . In this model, represents the average competition coefficient of other MVNOs on MVNO , and the term (∑ =1, ̸ = ) can be thought of as the decrease in growth rate of MVNO due to the presence of other MVNOs, so that / and ( / )(∑ =1, ̸ = ) can be, respectively, seen as the virtual radio resources already occupied by MVNO and other MVNOs.
To ensure utility of the whole system, we define the competition coefficient of virtual network associated with the aggregated utility. Firstly, we assume that the competing coefficient is inversely associated with the aggregated utility so that the MVNO with higher aggregated utility will get more resources. Then, we introduce the adjustment factor to make sure that the MVNO with higher priority can get lower competing coefficient, and as a result the priorities of some MVNOs can be guaranteed. So, we define the competing coefficient of virtual network as = + c ⋅ (1/ ) (c is a constant to make sure the values of satisfy the conditions of convergence). Now we can derive the differential equations of population density aṡ
The MVNO with bigger potential aggregated utility may occupy more virtual resource block because it has lower average competition rate with other populations. In each MVNO, virtual resource blocks in the resource pool are assigned to users according to their potential utility . And generally, fairness and priorities of some virtual networks can be guaranteed via adjusting the variable . On the one hand, we can set a minimum value of for every virtual network so that the coexistence and fairness are maintained. On the other hand, we can set a bigger value for a MVNO with priority to guarantee that it can occupy more resources even when it has lower utility than others.
The Virtual Radio Resource Allocation Algorithm
In this section, we first present the virtual radio resource allocation progress in virtualization based HetNet and then propose a virtual radio resource allocation algorithm based on the biological competing model. The system-theoretical model for virtual radio resource allocation progress is as shown in Figure 3 . Users request virtual radio resources from their MVNOs and get corresponding services. The requests for virtual radio resources arrive in real time. Then MVNO will conduct the virtual resource allocation for its users. Firstly, the requests will be enqueued at MVNO's master queue according to their priorities and arrival time. Then they will be scheduled to occupy the resources every time based on their requirement and service level agreement. This procedure is called virtual resource allocation which is investigated in this paper. Then, the virtual resource mapping is conducted, and after the virtual resources are mapped to substrate physical networks, users can start the data transmission procedures. Closed performance monitoring loop can be adopted to evaluate the performance dynamically. If the performance could not satisfy user's requirement (because the physical channel is changing dynamically), this request will be scheduled in the next period of time.
The proposed model is then applied to virtual radio resource allocation in heterogeneous wireless networks. In the proposed model, the MVNO has bigger value of and can occupy less resources because other populations have more inhibited influence on it. The model can guarantee the coexistence of all MVNOs with stability and fairness. Thus we can dynamically allocate the virtual radio resources in the pool of HetNet by adjusting the value of and maintaining the competing and coexisting relationship among MVNOs. We assume that all resource allocation is synchronously performed every time. Each MVNO gets virtual resources based on its competition coefficient which is a function of aggregated utility of MVNO . MVNOs are able to manage the virtual resources and allocate them to users according to their aggregated utility and users' demands. The competition coefficient of each MVNO can also be adjusted based on the knowledge and user dynamics of the whole system to get a more efficient utilizing of resources. The details of virtual radio resource allocation algorithm are described as in Algorithm 1.
Analysis of System Equilibrium State in the Proposed System
In this section, we present the analysis of system equilibrium state from the aspects of existence, type, and stability.
The Existence and Category of Equilibrium Points.
The important issue regarding system dynamics is the equilibrium of the model. In order to simplify the problem, let us discuss the system which consists of two MVNOs. We could get an algebraic equation set with the right sides of the OEDs (7):
As known in mathematics, the real roots of this algebraic equation set are called the equilibrium point of the model. lim t →∞ 2 (t) = 2 0 at any initial condition, we call 0 a stable equilibrium point (asymptotic stability); otherwise 0 is unstable (not asymptotic stability). Obviously, there are two equilibrium points 1 = (0, 2 ) and 2 = ( 1 , 0) in addition to the trivial equilibrium point 1 = 2 = 0 for the set of ODEs (7) ( = 2). When the algebraic equation set (13) has a nonnegative solution 1 = 1 * , 2 = 2 * , we find the third equilibrium point of the system, that is,
To analyze the properties of this system, phase plane analysis of the model equations is carried out. Firstly, we plot the zero growth rate line for each species taking 1 and 2 (number of users occupying resources in MVNOs 1 and 2) as the coordinate. The zero growth line can be obtained by drawing a line between 1 and 2 intercepts of each species. Users in both species will increase until they reach the zero growth isocline. The MVNO represented on the abscissa meets the isocline horizontally, and the one represented on the ordinate will do it vertically. Figure 4 illustrates the flow patterns and four possible types of relations between the isoclines of MVNOs 1 and 2. From the flows across the isoclines, the direction fields within each separate region in the phase plane can be worked out. For example, in case (a), it is obvious within the area bounded by these two isoclines that the flow is towards the top-left corner, which implies that all solutions will tend to the 2 -only state ( 1 , 2 ) = (0, 2 ).
Hence, we can find three equilibrium points for the proposed model (excluding the trivial equilibrium point):
In the 2 -only state, species 2 reaches its carrying capacity and species 1 goes extinct, while in the 1 -only state, species 2 goes extinct and species 1 tends to its carrying capacity. In cases (c) and (d), there is a coexistence state in which both species have nonzero abundance.
The Stability of Equilibrium
Points. Now, we analyze the stability of equilibrium points. Since the proposed model is applied to wireless communication system and the users of each MVNO cannot be decreased to zero considering the revenue of MVNOs, we need not to consider equilibrium points 1 = (0, 2 ) and 2 = ( 1 , 0) stability, so that it is necessary to make sure whether the equilibrium point 3 ( 1 * , 2 * ) is stable. Firstly, we give a proposition about the stability of equilibrium points of (7) ( = 2).
Proposition 1. If the two inequalities
2 / 2 are satisfied, the system has three equilibrium points 
Proof. Because 3 ( 1 * , 2 * ) is the equilibrium point, the linearization of the ODEs (7) ( = 2) near point 3 can be expressed as
Then, the characteristic equation of the coefficient matrix is
That is,
where
The discriminant of (13) is
So (13) has two different real eigenvalues: 1 < 2 , and by using the Vieta theorem, we can get
because 2 < 1 / 1 and 1 < 2 / 2 are satisfied, just as the situation in Figure 4 
We can get that 1 < 0 and 1 < 0 by putting Δ > 0 into (15) . Thus, the equilibrium point 3 ( 1 * , 2 * ) is stable (asymptotic stability).
Similarly, we can prove that 3 ( 1 * , 2 * ) is not stable when 2 > 1 / 1 and 1 > 2 / 2 are satisfied which is illustrated in Figure 4(c) . Actually, in case (c) 1 can outcompete MVNO 2, but MVNO 2 can also outcompete MVNO 1. The equilibrium point 3 may evolve to 1 or 2 which depends on the initial conditions of the system.
Hence, we could guarantee the coexistence of MVNOs over time by adjusting the values of system parameters every time based on the proposition and make sure that the proposed system can reach a stable equilibrium.
Simulation Results and Discussion
In this section, simulation results are given to evaluate the performance of the proposed algorithm. In the simulation, the parameters are designed to model a high-loaded system where the available resources are not enough to serve all the users. We assume that there are three MVNOs in the system, and the virtual resource blocks for different user requests Figure 5 illustrates the population dynamics for the proposed system which has three MVNOs (n=3). The convergence of Algorithm 1 is evaluated with resource growth rates = 0.3, number of users in each MVNO 1 = 100, 2 = 110, 3 = 120, and carrying capacities 1 = 90, 2 = 100, 3 = 110. As can be seen in Figure 5 , the number of active users in each MVNO converges within 50 iterations. This result, together with the previous analysis, indicates that the proposed Algorithm 1 converges to a stable equilibrium.
It also can be seen from Figure 5 that the MVNO with higher service level (smaller ) can get more virtual resources to serve its users, because a smaller reduces the competition coefficient, as defined in (9) . The MVNO with larger competition coefficient can also get some resources, although the resources are limited in the system. MVNOs coexist in the proposed system and maintain a dynamic balance actually.
In Figure 6 , the population dynamics is simulated with four MVNOs to evaluate the convergence of the proposed algorithm when the number of MVNOs scales. As can be seen from Figure 6 , the number of active users in each MVNO also converges after iterations. However, the number of MVNOs affects the rate of convergence; more MVNOs may lead to lower convergence rate. For example, the number of active users in MVNO 3 converges within 30 iterations when there are 3 MVNOs in the system, but when there are 4 MVNOs in the system, it converges after 45 iterations. Furthermore, the number of active users of each MVNO will converge to lower level when the system has more MVNOs, because the resources are limited.
As the maximal utility (MU) approach can achieve maximal system utility, it has become a very popular method in virtual resource allocation. For example, the authors in [8] have worked on the virtual resource allocation for MVNOs based on the MU of system. There are also some existing works which focus on the fairness and use the round-robin (RR) method [22] . Therefore, we compare the performance of the proposed Lotka-Volterra solution (LVS) with that of the existing MU approach and RR method.
In Figures 7-9 , we compare the utilities of MVNOs when the number of users requesting resource in MVNOs increases from (50, 60, 70) to (100, 110, 120), with resource growth rates = 0.3, carrying capacities 1 = 90, 2 = 100, 3 = 110.
As can be seen in Figures 7-9 , a MVNO with higher service level gets higher utility in MU approach, RR method, and the proposed Algorithm 1. With MU approach, the utility of MVNO 3 increases linearly while the utility of MVNO 1 drops to zero when the users in MVNO 1 are over 80. However, with the proposed algorithm or RR method, the utilities are always positive because each MVNO can get some resources to serve users. Therefore, it is verified that the proposed algorithm and RR method can guarantee The number of users in MVNOs higher utility for MVNO with lower service level than the MU approach. Also, they improve the fairness in resource allocation process of the system.
To evaluate the fairness of MVNOs in the system, we use the fairness index (FI), which is defined as [23] :
The fairness index is widely applied in the literature to evaluate the level of fairness achieved by resource allocation algorithms.
In Figures 10 and 11 , we compare the total utility of system and fairness among MVNOs (n=3). As can be seen from Figure 10 , the proposed Algorithm 1 achieves higher total utility than RR method, but lower total utility than MU approach when the users in MVNOs are more than (70, 80, The number of users in MVNOs 90). Figure 11 shows that the proposed Algorithm 1 achieves lower fairness index than RR method, but higher fairness index than MU approach when the users in MVNOs are more than (70, 80, 90). As one can conclude from Figures 10  and 11 , the proposed Algorithm 1 can achieve higher fairness index with the cost of small reduction in total utility of system, compared with the MU approach. It achieves a better trade-off between total utility and fairness than the existing methods.
Besides, we could also analyze the time dynamics of users and virtual radio resources in the system by utilizing the Lotka-Volterra model. The users in the system can be considered as the predators in nature environment, and virtual radio resources are preys to users. The number (i.e., The number of users in MVNOs Number of free resources and active users Figure 12 : The population dynamics of users and virtual radio resource pool in the proposed system. The parameter is the system capacity.
population) of active users in the system is benefited by the loss of the population of the virtual radio resources. Therefore, the ecological model is helpful to investigate the behaviors and user dynamics of system through the trace of time. The numerical illustrations of the user dynamics are presented in Figures 12 and 13 . From Figure 12 , we observe that the behaviors of users in the proposed system follow those in the nature environment; that is, the population of resource will decrease when there are too many users in system. The users and virtual radio resources in the system are regulating to each other. Time dynamics of users in different system capacity (i.e., = 150, 200) are simulated, and by adjusting the system capacity K within certain range, we can get an improvement of system throughput, as shown in Figure 12 . The phase diagram of user dynamics is illustrated in Figure 13 in which we could catch the dynamics of interaction between users and virtual resources in the system. In this simulation, the system capacity is set as = 150. The system converges to its equilibrium after a period of time. As can be seen in these two figures, the dynamics of users and virtual resources can be analyzed utilizing the proposed biological model, and the throughput of system can be improved by increasing the capacity of system.
By understanding the time dynamics of users, we can further develop effective strategies to enhance system performance. For instance, the hypervisor can conduct adaption of system parameters and base station sleeping strategies to improve the channel utilization and energy efficiency.
Conclusion
In this paper, we have investigated the virtual resource allocation problem in virtualization based heterogeneous wireless networks. The virtual resource allocation problem in HetNet was formulated as a population competing model, where the users in the system are considered as the predators in nature environment, and virtual radio resources are preys to users. Users of different MVNOs compete for virtual radio resources from the virtual resource pool. Accordingly, a virtual resource allocation algorithm based on Lotka-Volterra model was developed, considering system utility, fairness, and dynamics. Simulation results showed that the proposed virtual resource allocation algorithm not only converges within a few iterations, but also achieves a better trade-off between total utility and fairness than existing algorithm. Besides, it can also be utilized to analyze the time dynamics of users which is helpful for making more effective approaches to promote system performance.
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